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Abstract
In the present note, first we derive an intrinsic inequality for Pseudo-
umbilical spacelike submanifold in an indefinite space form. We use this
inequality to show that such submanifold is totally geodesic. In the rest
part of this paper, using a result of Aiyama [1], we prove that Pseudo-
umbilical spacelike subamnifold is totally umbilical.
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1 Introduction
Let Mn be an n-dimensional Riemannian manifold immersed in an (n+p)-
dimensional connected semi-Riemannian manifold Mn+pp (c) of constant curva-
ture c whose index is p. We call Mn+pp (c) a space form of index p and simply a
space form when p = 0. If c > 0, we call it a de Sitter space of index p. As the
semi-Riemannian metric of Mn+pp (c) induces the Riemannian metric of M
n,
Mn is called a spacelike submanifold. Let h be the second fundamental form
of the immersion and N be the mean curvature vector. Denote by < ., . > the
scalar product of Mn. If there exists a function λ ≥ 0 on Mn such that
< h(X, Y ), N >= λ < X, Y > (1.1)
for any tangent vectors X, Y on Mn, then Mn is called a Pseudo-umbilical
spacelike submanifold of Mn+pp (c). If the mean curvature vector N vanishes
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identically, then Mn is called a maximal spacelike submanifold of Mn+pp (c).
Every maximal spacelike submanifold of Mn+pp (c) is itself a Pseudo-umbilical
spacelike submanifold of Mn+pp (c).
Spacelike hypersurfaces and submanifolds have attracted the attention of
many mathematicians in the recent years e.g. Dong [7], Wu ([15],[16]), Liu
[9]. In the year 2002, Pang [13] studied spacelike hypersurfaces in de sitter
space and derived an intrinsic inequality to obtain a sufficient and necessary
condition for such hypersurfaces to be totally geodesic. Han [8], investigated
spacelike submanifolds in indefinite space form Mn+pp (c) and obtained an in-
trinsic inequality to prove some rigidity theorem. However, Pseudo-umbilical
submanifolds have also been paid attention by many mathematicians e.g. [2],
[3], [14]. X. F. Cao [2], gave an intrinsic inequality for pseudo umbilical space-
like submanifolds in the indefinite space form. In 1995, Sun [14] first proved
that mean curvatureH of the pseudo-umbilical submanifolds in indefinite space
form Mn+pp (c) is constant. On the other hand, Y. Zheng [17] gave an intrinsic
condition for a compact space like hypersurface in a de sitter space to be totally
umbilical. While, Ximin ([10],[11],[12]) extended Cheng-Yau [6] technique to
investigate spacelike hypersurfaces and spacelike submanifolds with constant
scalar curvature and proved some intrinsic conditions for such hypersurface or
submanifold to be totally umbilical.
Inspired by all the above investigations, in the first half of this paper,
we give an intrinsic inequality for pseudo-umbilical spacelike submanifold of
indefinite space form Mn+pp (c). Using this inequality, we get a necessary and
sufficient condition for such a submanifold to be totally geodesic. In the rest
part of this note, Using Chen-Yau [6] technique and taking into account the
results obtained by Aiyama [1] and Sun [14], we prove that pseudo-umbilical
spacelike submanifold of indefinite space form with constant scalar curvature
and flat normal bundle is totally umbilical.
2 Preliminaries
We choose a local field of semi-Riemannian orthonormal frame e1, ..., en+p in
Mn+pp (c) such that at each point of M
n, e1, ..., en span the tangent space of
Mn and form an orthonormal frame there. We use the following convention
on the range of indices:
1 ≤ A,B,C, ... ≤ n+ p; 1 ≤ i, j, k, ... ≤ n; n+ 1 ≤ α, β, γ ≤ n+ p.
Let ω1, ..., ωn+p be its dual frame field so that the semi-Riemannian metric of
Mn+pp (c) is given by
ds¯2 =
∑
i
ω2i −
∑
α
(ωα)
2 =
∑
A
ǫAω
2
A ,
where ǫi = 1 and ǫα = −1.
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Then the structure equations of Mn+pp (c) can be written as:
dωA =
∑
B
ǫBωAB ∧ ωB , ωAB + ωBA
dωAB =
∑
C
ǫCωAC ∧ ωCB −
1
2
∑
C,D
KABCDωC ∧ ωD
KABCD = cǫAǫB(δACδBD − δADδBC)
Restricting these forms toMn, we obtain ωα = 0, n+1 ≤ α ≤ n+p and the
Riemannian metric of Mn is written as ds2 =
∑
i ω
2
i . From Cartan’s lemma
we can write
ωαi =
∑
j
hαijωj, h
α
ij = h
α
ji
From these formulas, the structure equations of Mn are given by:
dωi =
∑
j
ωij ∧ ωj , ωij + ωji
dωij =
∑
k
ωik ∧ ωkj −
1
2
∑
k,l
Kijklωk ∧ ωl
Rijkl = c(δikδjl − δilδjk)−
∑
α
(hαikh
α
jl − h
α
ilh
α
jk) (2.1)
Rijkl , being the components of the curvature tensor of M
n.
The second fundamental form of Mn is given by
h =
∑
i,j,α
hαijωi ⊗ ωj ⊗ eα
The mean curvature vector N of Mn is defined by
N =
1
n
∑
trHαeα.
Here tr is the trace of the matrix Hα = (h
α
ij) and it is well known that N
is independent of the choice of unit normal vectors e1, ..., en+p to M
n. The
length of the mean curvature vector is called the mean curvature of Mn and
is denoted by H . Now, let en+1 be parallel to N . Then we have
trHn+1 = nH, trHα = 0, α 6= 0. (2.2)
Define the first and second covariant derivatives of hαij, say h
α
ijk and h
α
ijkl by
∑
k
hαijkωk = dh
α
ij +
∑
k
hαkjωki +
∑
k
hαikωkj +
∑
β
h
β
ijωβα
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∑
l
hαijklωl = dh
α
ijk +
∑
m
hαmjkωmi +
∑
m
hαimkωmj
+
∑
m
hαijmωmk +
∑
β
h
β
ijkωβα
Then we have
hαijk = h
α
ikj (2.3)
hαijkl − h
α
ijlk =
∑
m
hαimRmjkl +
∑
m
hαjmRmikl +
∑
β
h
β
ijRαβkl (2.4)
where Rαβkl are the components of the normal curvature tensor of M
n , that
is Rαβkl =
∑
i(h
α
ikh
β
il − h
α
ilh
β
ik). If Rαβkl = 0 at a point x of M
n , we say that
normal connection of Mn is flat at x, and it is well known that Rαβkl = 0 at x
if and only if hαij are simultaneously diagonalizable at x. [4]
The Laplacian ∆hαij of the fundamental form h
α
ij is defined to be
∑
k h
α
ijkk
and hence, if Mn has flat normal bundle, then from (2.3) and (2.4), we have
∆hαij =
∑
k
(hαijkk − h
α
ikjk) +
∑
k
(hαikjk − h
α
ikkj) +
∑
k
(hαikkj − h
α
kkij) +
∑
k
hαkkij
=
∑
m,k
hαimRmkjk +
∑
m,k
hαmkRmijk +
∑
k
hαkkij. (2.5)
But, in view of (1.1) and (2.2), we have
〈h(ei, ej), Hen+1〉 = H
2δij
so, we arrive at the following
∑
hαijh
α
kkij = nH∆H.
As H is constant due to Sun [14], we get
∑
hαijh
α
kkij = 0. (2.6)
Since, normal bundle ofMn is flat, we can diagonalize the second fundamental
form simultaneously, so that hαij = λ
α
i δij , α = n + 1, ..., n + p and then using
(2.5), we have
hαij∆h
α
ij =
1
2
∑
Rijij(λ
α
i − λ
α
j )
2. (2.7)
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3 Pseudo-umbilical spacelike submanifold
In order to prove our result, we state the following lemma.
Lemma 3.1 Let a1, ..., an be real numbers, then
∑
(ai)
2 ≥
1
n
(
∑
ai)
2
and the equality holds if and only if a1 = ... = an.
We prove the follwing.
Theorem 3.2 Let Mn be n-dimensional compact Pseudo-umbilical space-
like submanifold in Mn+pp (c)(c > 0), S and ρ be Ricci curvature tensor and
scalar curvature of Mn, respectively, then
|S|2 ≥ 2cρ(n− 1)− c2n(n− 1)2.
Proof. From the Gauss equation, we derive [2, eq. (2.7)]
Sij = (n− 1)cδij +
∑
k,α
hαikh
α
jk
So, we have
|S|2 =
∑
S2ij
=
∑
ij
{(n− 1)cδij +
∑
k,α
hαikh
α
jk}
2
= n(n− 1)2c2 +
∑
ij
(
∑
k,α
hαikh
α
jk)
2 + 2c(n− 1)(
∑
i,k,α
hαikh
α
ik)
and the scalar curvature is given by
ρ =
∑
i
Sii
= cn(n− 1) +
∑
ijα
(hαij)
2
above equations can be rewritten in the following way
|S|2 = n(n− 1)2c2 +
∑
ij
(
∑
k,α
hαikh
α
jk)
2 + 2c(n− 1)(ρ− cn(n− 1))
= 2c(n− 1)ρ− n(n− 1)2c2 +
∑
ij
(
∑
k,α
hαikh
α
jk)
2
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Since Mn has flat normal bundle, we can diagonalize the second fundamental
form simultaneously, so that hαij = λ
α
i δij and then we have using lemma 3.1
|S|2 = 2c(n− 1)ρ− n(n− 1)2c2 +
∑
ij
(
∑
k,α
λαi λ
α
j δikδjk)
2
= 2c(n− 1)ρ− n(n− 1)2c2 +
∑
i
(
∑
α
λα
2
i )
2
≥ 2c(n− 1)ρ− n(n− 1)2c2 +
1
n
(
∑
i
(
∑
α
λα
2
i ))
2
or, we can write the above equation as follows
|S|2 = 2c(n− 1)ρ− nc2(n− 1)2 +
1
n
(
∑
i,α
λα
2
i )
2
|S|2 ≥ 2c(n− 1)ρ− nc2(n− 1)2 (3.1)
whereby proving the result. 
Next, we prove
Theorem 3.3 LetMn be Pseudo-umbilical spacelike submanifold inMn+Pp (c)
and S and ρ be Ricci curvature tensor and scalar curvature of Mn , respec-
tively, then |S|2 = 2c(n−1)ρ−nc2(n−1)2 if and only if Mn is totally geodesic.
Proof. If Mn is totally geodesic, that is λαi = 0, i ∈ {1, ..., n} then, we have
|S|2 = nc2(n− 1)2 and ρ = nc(n− 1)
such that |S|2 = 2c(n−1)ρ−nc2(n−1)2. Conversely, if equality holds in (3.1),
then all the inequalities of (3.1) become equality. From lemma 3.1, we have
(
∑
i,α
λα
2
i )
2 = 0 (3.2)
and
λα
2
1 = λ
α2
2 = ... = λ
α2
n (3.3)
for i, j ∈ {1, ..., n} and α ∈ {n+ 1, ..., n+ p}.
In the light of (3.2) and (3.3), we conclude that
∑
λα
2
i = 0, which shows
that λαi = 0, whereby proving that M
n is totally geodesic. 
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4 Pseudo-umbilical spacelike submanifold with
constant mean curvature
First we prove the following lemma which shall be used later to prove the main
result.
Lemma 4.1 Let Mn be n-dimensional compact Pseudo-umbilical spacelike
submanifold inMn+pp (c) with mean curvature H. If normalized scalar curvature
ρ is constant and ρ < c, then
∑
i,j,k
h2ijk ≥ n
2|∇H|2 (4.1)
Proof. Using equation (2.1), we can easily see that
n2H2 − ‖h‖2 = n(n− 1)(c− ρ).
Taking the covariant derivative of above equation and using the fact that ρ is
constant, we obtain
n2HHk =
∑
i,j,α
hαijh
α
ijk k = 1, ..., n
and hence using Cauchy-Schwartz inequality, we have
∑
k
n4H2H2k = (
∑
i,j,α
hαijh
α
ijk)
2 ≤ |h|2
∑
i,j,α
(hαijk)
2 (4.2)
where equality holds if and only if there exists a real function ck such that
hαijk = ckh
α
ij
for all i, j and α. Taking sum on both sides of (4.2) with respect to k, we get
n4H2|∇H|2 = n4H2
∑
k
H2k ≤ |h|
2
∑
i,j,k,α
(hαijk)
2 ≤ n2H2
∑
i,j,k,α
(hαijk)
2. (4.3)
Therefore, (4.1) holds on Mn. 
Now, we prove the main result.
Theorem 4.2 Let Mn be n-dimensional compact Pseudo-umbilical space-
like submanifold with mean curvature H immersed in Mn+pp (c). Suppose that
Mn has flat normal bundle and scalar curvature ρ is constant and ρ < c, then
Mn is totally umbilical and isometric to a sphere.
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Proof. Since, the Laplacian of |h|2 is given by
1
2
|h|2 =
∑
α,i,j,k
(hαijk)
2 +
∑
α,i,j
hαij△h
α
ij
So, in the light of (2.7), above equation reduces to
1
2
|h|2 =
1
2
n2△H2 = ‖∇h‖2 +
1
2
∑
i,j,α
Rijij(λ
α
i − λ
α
j )
2 (4.4)
Now, define an operator  acting on f by
f =
∑
ij
(nHδij − h
n+1
ij )fij
Since,
∑
ij(nHδij − h
n+1
ij ) is trace free it follows from [6] that the operator 
is self adjoint relative to L2-inner product of Mn, that is∫
fg =
∫
gf
Thus, we have
H =
∑
ij
(nHδij − h
n+1
ij )Hij
= nH
∑
i
Hii −
∑
i
λn+1i Hii (4.5)
=
1
2
n(∆H2 − 2‖∇H‖2)−
∑
i
λn+1i Hii
Now, taking account of equations (4.4) and (4.5), we have
(nH) = |∇h|2 − n2|∇H|2 +
1
2
∑
Rijij(λ
α
i − λ
α
j )
2
which on using (4.3) reduces to
(nH) ≥ ‖h‖−2n3H2|∇H|2 − n2|∇H|2 +
1
2
∑
Rijij(λ
α
i − λ
α
j )
2
≥ (‖h‖−2nH2 − 1)n2|∇H|2 +
1
2
∑
Rijij(λ
α
i − λ
α
j )
2
Using the fact that  is self adjoint, we conclude that
0 ≥
∫
Mn
{(‖h‖−2nH2 − 1)n2|∇H|2 +
1
2
∑
Rijij(λ
α
i − λ
α
j )
2}
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But, [14] we have that H is constant. Therefore, our result follows imme-
diately from a result of Aiyama ([1], Theorem 3) and this completes the proof
of our theorem. 
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